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Abstract
In this work we deal with the approximation in Ho¨lder norms of univariate and bivariate continuous functions that satisfy certain
Ho¨lder conditions, by classical Bernstein polynomials and by tensor products and Boolean sums of them. Estimates of the degree
of convergence are included.
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1. Introduction
Let X be the real interval [0, 1] and C(X) be the usual space of all continuous functions on X equipped with the
sup-norm ‖ · ‖∞. Given the classical first-order modulus of continuity ω1 in C(X), 0 < α < 1 and δ > 0 we define,
for f ∈ C(X),
θα( f, δ) := sup
0<t≤δ
ω1( f, t)
tα
, θα( f ) := sup
δ>0
θα( f, δ).
We also consider
Lip α := { f ∈ C(X) : θα( f ) < ∞}
and
lip α := { f ∈ Lip α : θα( f, δ) → 0 as δ → 0}.
The space Lip α is complete under the so-called Ho¨lder norm ‖ · ‖α := ‖ · ‖∞ + θα(·) and its elements are said to
satisfy a Lipschitz or Ho¨lder condition of order α.
As a continuation of a result in [1], where given the classical Bernstein operators Bn , it was proved that for all
f ∈ lip α, ‖Bn f − f ‖α converges to 0 as n → ∞, in this note we estimate the degree of convergence of both
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this approximation process and the one that naturally appears after replacing above ω1 by the classical second-order
modulus of continuity ω2.
Moreover we obtain similar results on the approximation of continuous bivariate functions defined on [0, 1]2,
by tensor products of Bernstein operators and boolean sums of them. Here the Ho¨lder spaces will be defined from
univariate versions of a classical first-order modulus of continuity ω˜1, and of the well-known mixed modulus of
continuity ω˜2, both defined for f ∈ C([0, 1]2) and t > 0 by
ω˜1( f, t) = sup{| f (x + h1, y + h2) − f (x, y)| : x, y, x + h1, y + h2 ∈ [0, 1], |h1|, |h2| ≤ t};
ω˜2( f, t) = sup{| f (x + h1, y + h2) + f (x, y) − f (x + h1, y) − f (x, y + h2)| : x, y, x
+ h1, y + h2 ∈ [0, 1], |h1|, |h2| ≤ t}.
The proofs of the results of the work are based upon [2, Theorem 4] where in a much more general setting these
processes were studied. For the sake of clarity and completeness, we will state without proof particular versions and
variations of it adapted to our situations.
The last part of the note contains some remarks. Two other moduli figure in one of them, the so-called partial
moduli of smoothness (of first order), given for f ∈ C([0, 1]2) and t > 0 by
ω˜(1)( f, t) = sup{| f (x + h, y) − f (x, y)| : x, y, x + h ∈ [0, 1], |h| ≤ t}
and symmetrically by
ω˜(2)( f, t) = sup{| f (x, y + h) − f (x, y)| : x, y, y + h ∈ [0, 1], |h| ≤ t}.
Further details of all the aforementioned moduli can be found in Schumaker’s book [3].
2. Univariate case
Let us assume conditions as in the definitions of the introduction. Following [2], lip α is a closed subspace of Lip α
under the norm ‖ · ‖α , which together with the easy to check fact that for each δ > 0,
θα( f ) ≤ θα( f, δ) + 2‖ f ‖∞δ−α,
allows us to guarantee the validity of the following version of the main theorem therein:
Theorem 1. Let ( fn) ⊂ lip α be a convergent sequence in (C(X), ‖ · ‖∞) to a function f . If supn∈N θα( fn , δ) → 0
as δ → 0, then f ∈ lip α and ( fn) converges to f in (lip α, ‖ · ‖α). Moreover, there exists a constant C independent
of f such that for every δ > 0 and n ∈ N,
θα( fn − f ) ≤ C
(
θα( f, δ) + ‖ fn − f ‖∞δ−α
)
.
Now, for f ∈ C(X) and 0 < t < 1 we have that ω1(Bn f, t) ≤ 2ω1( f, t) (see [4]). Then supn∈N θα(Bn f, δ) ≤
2θα( f, δ), from which Theorem 1 can be applied to the sequence Bn f with f ∈ lip α, to obtain, for certain constant
C and for each δ > 0,
θα(Bn f − f ) ≤ C
(
θα( f, δ) + ‖Bn f − f ‖∞δ−α
)
.
Finally, if we observe the definition of ‖ ·‖α and use the well-known estimate ‖Bn f − f ‖∞ ≤ C1ω1( f, n−1/2) for any
f ∈ C(X) and a certain constant C1 (we do not pay attention to the best constants), we obtain immediately a proof of
the following:
Theorem 2. There exists a constant K such that for every f ∈ lip α,
‖Bn f − f ‖α ≤ K θα
(
f, n−1/2
)
.
Notice that we have approximated only functions of lip α since this space is the closure in (Lip α, ‖ · ‖α) of the
set of all polynomials (for a proof, observe that any polynomial belongs to lip α, recall that this space is closed in
(Lip α, ‖ · ‖α) and finally use Theorem 2).
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Until now we have restricted ourselves to values 0 < α < 1, since on one hand, for α > 1, Lip α is the space of
all constant functions, and on the other hand, lip 1 is formed just by constant functions and the closure of the set of all
polynomials in Lip 1 is the space of all continuously differentiable functions. For these cases it is natural to follow the
pioneering idea of Zygmund and modify the definition of the Ho¨lder spaces with the use of the classical second-order
modulus of continuity ω2.
Let α = 1 + β with 0 ≤ β < 1 and define for δ > 0 and f ∈ C(X), θ∗α( f, δ) := sup0<t≤δ t−αω2( f, t),
θ∗α( f ) := supδ>0 θ∗α( f, δ). Define also the spaces Lip∗ α := { f ∈ C(X) : θ∗α( f ) < ∞} and lip∗ α := { f ∈ Lip∗ α :
θ∗α( f, δ) → 0 as δ → 0}.
If 0 < β < 1, the study for functions of the space Lip∗ α is equivalent to the study for absolutely continuous
functions whose first derivative belongs to Lip β. (This can be extended for any α > 0 (see [5]).) For this reason and the
sake of simplicity we restrict our attention to lip∗ 1, which contains the set of all polynomials, as can easily be proved.
Now, if we recall that for all f ∈ C(X) and 0 < t < 1/2, ω2(Bn f, t) ≤ 4.5ω2( f, t) (see [6]), and that the estimate
‖Bn f − f ‖∞ ≤ C2ω2( f, n−1/2) is fulfilled for a certain constant C2, then the following theorem follows, proceeding
as in the initial setting. Notice that, with the obvious modifications we do not detail, Theorem 1 also applies for this
new setting. Indeed (see again [2]), lip∗ α is a closed subspace of Lip∗ α under the norm ‖ · ‖∗α := ‖ · ‖∞ + θ∗α(·), and
for each δ > 0
θ∗α( f ) ≤ θ∗α( f, δ) + 4‖ f ‖∞δ−α.
Theorem 3. Let f ∈ lip∗ 1; then Bn f converges to f in lip∗ 1. Moreover, there exists a constant K independent of
f such that
‖Bn f − f ‖∗1 ≤ K θ∗1
(
f, n−1/2
)
.
3. Bivariate case
In this section we consider the approximation by the tensor product of two classical Bernstein operators Bn and
Bm and by the boolean sums of them, denoted respectively by Bn,m and Bn ⊕ Bm , and defined as follows:
Bn,m := B(1)n ◦ B(2)m ,
Bn ⊕ Bm := B(1)n + B(2)m − B(1)n ◦ B(2)m ,
where the symbol ◦ denotes the composition operation, and B(1)n and B(2)m are parametric extensions of Bn and Bm
respectively, i.e. B(1)n is defined as if Bn were applied to a bivariate function f with the second variable fixed, and B(2)m
is defined symmetrically.
Let X be the rectangle [0, 1]2 and C(X) be the usual space of all continuous functions on X equipped with the sup-
norm ‖ · ‖∞. For f ∈ C(X), 0 < α < 1, δ > 0 and i = 1, 2, from the moduli ω˜1, ω˜2 presented in Section 1, we define
θ˜i,α( f, δ) := sup
0<t≤δ
t−αω˜i ( f, t), θ˜i,α( f ) := sup
δ>0
θ˜i,α( f, δ).
We also consider the spaces
L˜ipi α := { f ∈ C(X) : θ˜i,α( f ) < ∞},
l˜ipi α := { f ∈ L˜ipi α : θ˜i,α( f, δ) → 0 as δ → 0},
equipped with the norm ‖ · ‖∼i,α := ‖ · ‖∞ + θ˜i,α(·).
As in the univariate case, the proofs of the statements of this section are essentially based upon the main result in [2].
Nevertheless some modifications must be introduced, so for the sake of completeness we state below Theorem 4 which
is appropriate for our purposes. Following again [2], its validity is based upon the fact that for i = 1, 2 and for each
δ > 0,
θ˜i,α( f ) ≤ θ˜i,α( f, δ) + 2i‖ f ‖∞δ−α,
together with the fact that the spaces l˜ipi α are complete under the norm ‖ · ‖∼i,α .
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Theorem 4. Let i ∈ {1, 2} and ( fn,m) ⊂ l˜ipi α be a double sequence in (C(X), ‖ · ‖∞), convergent to a function
f . If sup{θ˜i,α( fn,m , δ) : n, m ∈ N} → 0 as δ → 0, then f ∈ l˜ipi α and ( fn,m) converges to f in
(
l˜ipi α, ‖ · ‖∼i,α
)
.
Moreover, there exists a constant C independent of f such that for δ > 0,
θ˜i,α( fn,m − f ) ≤ C
(
θ˜i,α( f, δ) + ‖ fn,m − f ‖∞δ−α
)
.
Now, for certain real numbers C˜1 and C˜2
ω˜1(Bn,m f, t) ≤ C˜1ω˜1( f, t), ω˜2(Bn ⊕ Bm f, t) ≤ C˜2ω˜2( f, t)
(see for instance [7]). On the other hand, if we define γn,m = min{n, m}−1/2, for certain constants C1 and C2,
‖Bn,m f − f ‖∞ ≤ C1ω˜1( f, γn,m) (see [8]), and ‖Bn ⊕ Bm f − f ‖∞ ≤ C1ω˜2( f, γn,m) (see [9]). Then proceeding as
in Section 2, we obtain with the use of Theorem 4 the following:
Theorem 5. There exist certain constants K1, K2 such that
(i) For every f ∈ l˜ip1 α,
‖Bn,m f − f ‖∼1,α ≤ K1θ˜1,α
( f, γn,m) .
(ii) For every f ∈ l˜ip2 α,
‖Bn ⊕ Bm f − f ‖∼2,α ≤ K2θ˜2,α
( f, γn,m) .
Remark 1. In the bivariate case we have also restricted our attention to l˜ipi α. Notice that, as in the univariate setting,
it is the closure in (L˜ipi α, ‖ · ‖∼i,α) of the set of all bivariate polynomials. Indeed, observe that these polynomials are
elements of l˜ipi α, that this subspace is closed in (L˜ipi α, ‖ · ‖∼i,α) and use Theorem 5.
Remark 2. From the partial moduli of smoothness defined in Section 1, it is not necessary at this point to explain the
meaning of the symbols l˜ip(1)α and l˜ip(2)α. It is important to point out that if a bivariate function f belongs to one
of these spaces, then it also belongs to the space l˜ip2 α, defined from the mixed modulus of smoothness. This is a
direct consequence of the inequality ω˜2( f, t) ≤ 2ω˜(i)( f, t), i = 1, 2 (see for instance [3]). Consequently the double
sequence of operators Bn ⊕ Bm f may approximate functions of l˜ip(1)α ⋃ l˜ip(2)α. However the sequence Bn,m f only
approximates functions of the space l˜ip(1)α
⋂
l˜ip(2)α which coincides with l˜ip1 α since the modulus ω˜1 is equivalent
to the sum of the two partial moduli (see e.g. [7]).
Remark 3. In the bivariate case a more general setting can be studied by considering Ho¨lder spaces with respect to
two parameters, which one may define in a natural way.
Remark 4. Results analogous to these established for the classical Bernstein operators may be stated for many others,
whenever one has in hand a global smoothness preservation property for them and an estimate of the degree of
convergence of the approximation process that they define.
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